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Abstract

A computational study is presented which examines the predictive performance of two variants of a cubic low-Re eddy-viscosity

model when applied to the ¯ow around two highly loaded compressor-cascade blades. Particular challenges are posed by the tran-

sitional nature of the ¯ow and the presence of laminar leading-edge separation in o�-design conditions. Comparisons are presented

for local as well as integral ¯ow parameters, including turbulence intensity and losses. The study demonstrates that the cubic model

is able to predict, in accord with experimental data and in contrast to a linear base-line model, the in¯uential leading-edge separation

preceding transition, due to the suppression of turbulence-energy generation in the impinging zone ahead of the leading edge. This

attribute and a greater sensitivity to streamline curvature enable the model to give, in some ¯ow conditions, a more realistic descrip-

tion of the development of the boundary layer after transition and a better prediction of the loss at o�-design incidence. However,

the model also exhibits predictive weaknesses, among them an inappropriate delay in reattachment and transition to fully developed

turbulence, resulting in insu�cient sensitivity to adverse pressure gradient once transition has occurred. Ó 1998 Elsevier Science

Inc. All rights reserved.
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1. Introduction

The principal aerodynamic characteristics of most turbo-
machine ¯ows are governed mainly by a balance between pres-
sure gradient and convection, while turbulence tends to a�ect
mainly secondary ¯ow features and the losses. This is at least
so in low-load conditions in which the boundary layers are rel-
atively thin and attached. In high-load and o�-design condi-
tions, however, turbulence can contribute substantially to the
aerodynamic balance and is thus a process of major practical
interest. In such circumstances, the boundary layers grow rap-
idly, separation can ensue on both suction and pressure sides
(depending on the blade geometry and the incidence angle)
and streamwise vorticity is intense ± all processes interacting
strongly with the turbulence structure. The sensitivity of major
mean-¯ow features to turbulence is especially high when the
¯ow enters the blade passage at an angle which departs
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Notation

aij deviatoric stress tensor
A2 second invariant of stress tensor
Cp surface-pressure coe�cient
C chord length
cl, fl coe�cients in eddy-viscosity relation
i inlet-¯ow incidence angle
k turbulence energy
le turbulence dissipation length scale
p pressure
PT0; PT2 total pressure at inlet and outlet, respectively
PD1 dynamic pressure at inlet
Rec, Red Reynolds numbers based on chord length and

leading-edge diameter, respectively
Rt local turbulence Reynolds number
Sij; ~S strain rate tensor and its invariant,

�k=~e��0:5SijSij�0:5, respectively
Tu inlet-¯ow turbulence intensity
u0iu
0
j Reynolds-stress tensor

ui velocity vector
xi Cartesian coordinates
y normal distance from the wall
d boundary-layer thickness
dij Kronecker delta

e dissipation rate of k
~e homogeneous dissipation rate of

k; eÿ 2m�@ ���
k
p

=@xi�2
b inlet-¯ow angle
lt, mt dynamic and kinematic turbulence viscosity
q ¯uid density
Xij; ~X vorticity tensor and its invariant,

�k=~e��0:5XijXij�0:5; respectively
x loss coe�cient
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materially from the design value, thus causing leading-edge
separation and high ¯ow displacement, followed by transition
in the separated shear layer. More generally, transition tends
to be a highly in¯uential process in the majority of o�-design
¯ows in that details of the location and evolution of transition
can dictate the sensitive response of the boundary layers to
pressure gradients.

The large majority of computational schemes for turboma-
chinery currently involve the use of the linear (Boussinesq) re-
lationships between stresses and strains,

ÿ qu0iu0j � lt

@ui

@xj
� @uj

@xi

� �
ÿ 2

3
qkdij �1�

coupled with algebraic expressions or, at most, di�erential
equations for the turbulent velocity and length scales to which
the turbulent viscosity is related. This framework is accepted as
being adequate for thin shear ¯ows and is able to reproduce
transition in simple boundary layers (Savill, 1991), if combined
with appropriately constructed and calibrated transport equa-
tions for the variation of the scales in low-Reynolds-number
conditions. However, it fails to resolve turbulence anisotropy
and to represent correctly the e�ects of normal straining and
curvature on the turbulent stresses. The last two de®ciencies
are especially important in blade ¯ows; ®rst, because the state
of turbulence at the leading-edge impingement region is cru-
cially important to the transitional behaviour further down-
stream, and second, because the blade curvature causes
signi®cant damping or augmentation of turbulence transport
in the boundary layers on the suction and pressure sides, re-
spectively.

It is now generally accepted that the substantial variability
in the strength of the interaction between di�erent strain types
and the turbulent stresses can only be resolved, in a fundamen-
tally rigorous sense, through the use of second-moment clo-
sure, in which separate transport equations are solved for all
Reynolds-stress components. In particular, the very di�erent
stress-generation terms contained in these equations give rise
to that closure's ability to resolve anisotropy and hence the in-
¯uence of curvature, rotation and normal straining on the
stresses (Launder, 1989; Leschziner, 1994). However, this type
of closure is complex, poses particular challenges in respect of
its stable integration into general computational schemes and
is costly to apply in practice (Lien and Leschziner, 1996). A
simpler and more economical alternative ± albeit one which
rests on a weaker fundamental foundation ± is to use non-
linear stress±strain relations which can be made to return, up-
on the introduction of physical constraints and careful calibra-
tion, some of the predictive capabilities of second-moment
closure.

The present paper considers the performance of two low-Re
cubic eddy-viscosity models when applied to the ¯ow around
highly loaded compressor-cascade pro®les. Among a number
of issues, the resolution of laminar leading-edge separation
and bypass transition ± the latter either in the separated shear
layer bordering the leading-edge bubble or in the attached
boundary layer ± is both challenging and highly in¯uential to
the overall predictive realism.

2. Turbulence modelling

Non-linear eddy-viscosity modelling has its origin in a gen-
eral proposal made by Pope (1975). This was not, however, re-
alized as part of a working model until the late 1980s when
several speci®c non-linear forms were constructed and tested.
Speziale (1987), Nisizima and Yoshizawa (1987), Rubinstein
and Barton (1990) and Shih et al. (1993) have all introduced
quadratic products of strain and vorticity tensors into the

stress±strain relationship, but adopted di�erent routes to their
models' derivation and calibration. These quadratic forms re-
turn a degree of anisotropy among the normal stresses and
hence are able to predict, among other features, the presence
of stress-driven secondary motion in fully developed square-
duct ¯ow. However, it is readily demonstrated that no qua-
dratic form is able to establish the correct sensitivity of the
shear stresses to streamline curvature, one of the most impor-
tant factors motivating the use of closures more complex than
those based on the Boussinesq relationships. To introduce this
sensitivity, Craft et al. (1993) proposed a non-linear form
which includes cubic products of strain and vorticity tensors.
They have also demonstrated the need to include cubic terms
for swirling ¯ows. More recently, Lien et al. (1995) have pro-
posed a substantially simpler cubic variant, based on the qua-
dratic model of Shih et al., while Apsley and Leschziner (1997)
have derived a cubic model by introducing a rational sequence
of approximations to second-moment closure and calibrating
the low-Re near-wall behaviour by reference to DNS data. Fi-
nally, Lien and Durbin (1996) have investigated the use of a
transport equation for the streamline-normal Reynolds stress
as the subject of a third transport equation to which the coef-
®cients of the non-linear stress±strain relations are sensitized.

In what follows, attention focuses on the two- and three-
equation models of Craft et al. (1997) ± the most elaborate var-
iants currently documented in the open literature. These distin-
guish themselves from others in two important respects: ®rst,
while applicable to low-Re near-wall conditions, they do not
involve wall-distances; second, they characterize the near-wall
structure by the second anisotropy invariant
A2 � u0iu0j ÿ 2

3
kdij

ÿ �2
and use this, in addition to the turbulence

Reynolds number, to sensitise the eddy viscosity to wall-in-
duced damping.

Although the rational foundation and derivation of di�er-
ent non-linear models varies, the constitutive stress±strain/vor-
ticity relationship underlying all cubic models and satisfying
the requisite symmetry and contraction properties for incom-
pressible ¯ow can be written as
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0
j
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SijSklSkl � c7

mtk
~e2

SijXklXkl: �2�
In the simpler (two-equation) model of Craft et al., the coe�-
cients, c1 to c7, have been optimized by reference to several
¯ows, including homogeneous shear ¯ows, swirling ¯ows and
curved-channel ¯ows, and the resulting numerical values for
the coe�cients are given in Table 1.

It is instructive to note that, in two-dimensional plane
¯ows, where only S11; S22 and S12 exist, the term associated with
c4 vanishes, and Eq. (2) can be rewritten, with the coe�cients
in Table 1, as

Table 1

Numerical values for coe�cients in the two-equation model of

Craft et al

c1 c2 c3 c4 c5 c6 c7

)0.1 0.1 0.26 )10c2
l 0 )5c2

l 5c2
l
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aij � ÿ mt

k
� 5c2

l

mtk
~e2

S2
kl ÿ X2

kl

ÿ �� �
Sij � quadratic terms: �3�

The result (3) has been written in such a way as to highlight the
fact that the cubic terms can be assimilated into the linear
term, and this allows the e�ects of curvature to be brought
out. Thus, the shear stress will increase when S2

kl > X2
kl and will

decrease when S2
kl < X2

kl. In the case of ¯ow over a blade, the
curved blade surfaces introduce signi®cant streamline curva-
ture, which makes S2

kl 6� X2
kl, and the in¯uence of the cubic

terms thus becomes signi®cant. It is further instructive to note
that in a simple plane shear layer, for which Sij � S12; Eq. (3)
yields

a11 � 0:25
mt

~e
S2

12; a22 � ÿ0:15
mt

~e
S2

12; �4�
which demonstrates the role of the quadratic terms in estab-
lishing the anisotropy of normal stresses.

The eddy viscosity is determined from

lt � qflcl
k2

~e
�5�

in conjunction with transport equations for k and ~e (Craft et
al., 1993). The value of cl has been calibrated by reference
to DNS data for homogeneous-shear ¯ow and has been made
a function of strain and vorticity invariants as follows:

cl � 0:3

1� 0:35fmax�~S; ~X�g1:5

� 1ÿ exp
ÿ0:36

exp�ÿ0:75 max�~S; ~X��

( )" #
: �6�

The term in square brackets in Eq. (6) is a damping function
which forces cl to reduce to 0.09 when ~S and ~X approach zero.
Moreover, the appearance of ~S in the denominator of Eq. (6)
causes a signi®cant reduction in the turbulence energy in re-
gions with large values of ~S, such as around stagnation points,
through the reduction of the cl value. This is, in fact, a key fea-
ture in relation to the model's ability to predict transition fol-
lowing leading-edge separation. The use of max(~S; ~X) in
Eq. (6) is aimed to preferentially enhance the sensitivity of
the model to streamline curvature for convex surfaces for
which ~X > ~S, relative to the enhancement provoked by curva-
ture on concave surfaces. The damping function fl has the
form

fl � 1ÿ exp ÿ
~Rt

90

 !1=2

ÿ
~Rt

400

 !2
8<:

9=;; �7�

which introduces a strong Reynolds-number dependence into
the model and impinges on its ability to represent transition.

Craft et al. (1997) have recently developed an extension of
the above model in which the coe�cients are sensitized to the
second invariant of the anisotropy A2, the distribution of
which is determined from the solution of a related transport
equation derived from second-moment closure. They have jus-
ti®ed this extension by the observation that the strain invariant
is ine�ective as a near-wall damping parameter, because its dis-
tribution is ¯at in the region of y� > 40; while some damping
proves necessary up to y� � 60. In contrast, DNS results of
Kim et al. (1987) show that A2 varies substantially in the re-
gion of y� < 60, thus o�ering better potential for sensitizing
the model to the strong anisotropy very close to the wall. A
disadvantage of this three-equation model is its considerably
greater complexity than the earlier form which only requires
the solution of the k and ~e equations. This model is also much
less robust, and it has been found impossible to apply it in ex-
treme o�-design conditions.

3. Numerical framework

Calculations reported herein have been performed with
the multi-block version of the general non-orthogonal, fully
collocated ®nite-volume approach `STREAM' (Lien and
Leschziner, 1994a, b; Lien et al., 1996). The type of grid to-
pology that can be accommodated with the multi-block ver-
sion is illustrated in Fig. 1 which relates to a controlled-
di�usion compressor-cascade blade. The algorithm includes
a ¯ow-adaptive multi-level local grid-re®nement capability
(Chen et al., 1997a) which has been used in conjunction with
the non-linear eddy-viscosity models outlined in Section 2.
Convection of mean-¯ow as well as turbulence quantities is
approximated with the scheme `UMIST' (Lien and Leschzi-
ner, 1994c), a second-order TVD implementation of the
QUICK scheme of Leonard (1979). The predicted onset
and evolution of transition, especially in ¯at-plate ¯ow, have
been observed to be extremely sensitive to numerical details,
and the retention of second-order accuracy for turbulence
convection was therefore essential, even when very ®ne grids
were used. Mass continuity is enforced indirectly by way of a
pressure-correction algorithm. Within this scheme, the trans-
port solutions and the pressure-correction equation are
solved sequentially and iterated to convergence, de®ned by
reference to Euclidean residual norms for mass and the
momentum components.

Fig. 1. Computational grid for CD compressor blade: (a) Computational mesh with 48 000 grid nodes. (b) Grid near the leading edge.
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4. Application to compressor blades

4.1. Introductory remarks

The turbulence models outlined in Section 2 and the linear
low-Re variant of Launder and Sharma (1974) ± the last play-
ing the role of a baseline model ± are here applied to the ¯ow
around two compressor blades: a Controlled Di�usion (CD)
blade investigated experimentally by Elazar and Shreeve
(1990) and a Double Circular Arc (DCA) blade examined by
Zierke and Deutsch (1989). The former ¯ow is essentially at-
tached, except for a laminar leading-edge separation. The lat-
ter case is considerably more complex, involving extensive
separation in the passage and transition on the blade's sur-
faces, thus posing particular modelling challenges. The ¯ow
features leading-edge as well as trailing-edge separation.
Mid-chord separation is also encountered in certain ¯ow con-
ditions, and the blade has much larger curvature than the CD
con®guration.

Attention is focused initially on the CD con®guration. The
aim is to elucidate some basic performance characteristics of
the models and to identify any weaknesses in conditions which,
while realistic, do not include the substantial complexities as-
sociated with extensive suction-side separation close to the
trailing edge. With insight derived from this computation, at-
tention is then directed towards the more complex ¯ow over
the DCA blade.

4.2. The CD blade ± geometry and computed ¯ow conditions

The CD blade investigated here was originally designed by
Sanger (1983). Experiments have been performed by Elazar
and Shreeve (1990) at three values of inlet-¯ow angle b, namely
40°, 43.4° and 46°. The ®rst corresponds to the near-design
state, while the second and the third give rise to increasing
loading and are referred to as o�-design conditions. Computa-
tions have been performed for the seven inlet angles and Rey-
nolds numbers listed in Table 2 to investigate the performance
of the turbulence models over a wide range of ¯ow conditions.
In this Table, the Axial Velocity Density Ratio (AVDR) is seen
to be nearly unity for most of the cases, and this suggests that
the global acceleration arising from the reduction in e�ective
¯ow area due to the boundary layers developing on the span-
wise walls is not signi®cant. Hence, this e�ect has not been ta-
ken into account in the computations reported below.
However, in a preliminary study, quasi-3D test computations
were performed in which global spanwise e�ects were taken

into account, and these yielded solutions very close to the cor-
responding 2D computations.

Fig. 1 shows the multi-block computational mesh which
surrounds the blade and extends, in the cross-stream direction,
from the middle of one passage to the middle of the adjacent
one. The mesh also extends to a distance of half of the chord
upstream and one chord downstream of the blade. This mesh
contains 48 000 grid nodes, and a particularly ®ne grid has
been prescribed close to the leading edge to resolve the lead-
ing-edge separation bubble. There are 400 grid nodes distribut-
ed along the blade surfaces, and 200 grid nodes cover the ¯ow
passage in the pitchwise direction. The necessity of using such
a ®ne mesh is demonstrated by the results of grid-independence
tests shown in Fig. 2. These results were obtained with three
grids containing 25 200, 48 000 and 58 000 grid nodes, respec-
tively, with the two-equation cubic model at the inlet angle
b� 46°. In this operational condition, there exists a large lead-
ing-edge separation bubble, and the suction side is subjected to
a strong adverse pressure gradient which leads to a thick boun-
dary layer as the trailing-edge is approached. Both processes
require the use of a ®ne mesh to obtain an adequate numerical
resolution. The suction-side velocity distributions given in
Fig. 2 demonstrate that a grid-independent solution has been
achieved with the mesh containing 48 000 grid nodes. With
this mesh, the y� -values of the surface-nearest grid nodes
are well below unity.

An important requirement, especially in the context of tran-
sitional ¯ows, is that the predicted variation of turbulence in-
tensity outside the boundary layers accords well with that
measured. In fact, this comparison provides the only means
of selecting the appropriate levels of turbulence energy and dis-
sipation-length scale at the computational inlet plane, which
ensure that the free-stream turbulence intensity at the boun-
dary-layer edge is in satisfactory agreement with the experi-

Table 2

CD blade ± ¯ow conditions investigated

Case no. Flow angle (degree) Rec AVDR

1 24.49 690 000 1.0209

2 28.00 648 000 1.0544

3 32.95 630 000 1.0738

4 37.07 683 000 1.0380

5 40.00 740 000 1.0250

6 43.4 774 000 1.0710

7 46.00 700 000 1.0600

Fig. 2. Grid-independence test for the ¯ow over the CD compressor blade with three di�erent meshes. (±±±) 58 000 grid nodes; (- ± -) 48 000 grid

nodes; (- - -) 25 200 grid nodes.
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mental data at all measured sections. The measurements sug-
gest that the free-stream turbulence intensity at the leading-
edge is 1.4 � 0.2%. This guided the selection of Tu� 2% and
le� 2.5 mm at the inlet plane which is located at 0.5 of the
chord upstream of the leading edge. With these values, the re-
sulting decay of the free-stream turbulence intensity is in good
agreement with the data. The same inlet conditions are also
used for other inlet-¯ow angles.

4.3. Results for CD blade

Selected comparisons between predictions and experimental
data are ®rst given for the inlet angle b� 40°, and then for the

maximum o�-design value b� 46°. A comparison for the loss
coe�cient, given at the end of this section, encompasses the en-
tire incidence-angle range listed in Table 2. A more extensive
exposition is given in Chen (1996). Figs. 3±5 relate to b� 40°
and contain results for blade-surface pressure, streamwise ve-
locity and turbulence intensity in the boundary layer along
the suction side, integral boundary-layer quantities along both
suction and pressure sides, and wake velocity. Fig. 3(c) shows
that, while the suction-side boundary layer is subjected to de-
celeration by the action of the adverse pressure gradient, the
¯ow remains attached (except for a small leading-edge separa-
tion bubble). All models return fairly close agreement with the
experimental data for the surface-pressure distribution,

Fig. 3. CD compressor blade at b� 40°: (a) surface pressure distributions; (b) streamwise and transverse velocity pro®les and streamwise turbulence-

intensity pro®les at x/C� 5.2% on the auction side; (c) streamwise velocity and turbulence-intensity pro®les at x/C� 95% on suction side.
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Fig. 3(a), except for the region around the leading-edge on the
suction side. In this region, the large pressure peak signi®es
strong acceleration along the rounded leading edge following
impingement. In reality, the leading-edge impingement is fol-
lowed by a laminar separation which reduces the suction peak
and provokes transition in the vicinity of the reattachment
point at around 7% of chord. Elazar (1988) reported that it
had been impossible to obtain measurements inside the lami-
nar separation bubble as seeding particles, necessary for the
LDA method, could not penetrate the separated region in suf-
®cient numbers. However, an indication of the presence of the
leading-edge separation is provided in Fig. 3(b) by the sub-
stantial, negative wall-normal velocity component at 5.2% of
chord. The Launder±Sharma model is evidently unable to cap-
ture this leading-edge separation due to excessive turbulence-
energy being generated by the impingement at the leading
edge. The two non-linear models, on the other hand, predict
this separation bubble, and this is re¯ected by the elevated neg-
ative near-wall normal velocity, shown in Fig. 3(b), as well as
by the shape-factor distributions, Fig. 4, which will be discus-
sed later. However, the predicted separation appears to be
weak, especially that produced by the two-equation model,
and its size is limited to a short region close to the leading edge.
Thus, its e�ect is localised, and the Cp distribution further
along the suction side is hardly a�ected by the separation.
Since, for the design condition, the actual location of reattach-
ment is quite close to the leading edge, transition occurs early
and the boundary layer is fully turbulent over most of the suc-
tion surface. Hence, the Launder±Sharma model, although re-
turning a fully turbulent unseparated ¯ow, gives a reasonably

good representation of the boundary layer downstream of the
leading edge, as shown in Fig. 3(b). The two non-linear models
capture the leading-edge separation, thereby predicting better
results in the mid-chord portion of the boundary layer. To-
wards the trailing edge, however, all models return similar re-
sults which are all in good agreement with the measured data,
Fig. 3(c), and which re¯ect the mildness of curvature and ad-
verse pressure gradient, in addition to the insensitivity to lead-
ing-edge processes discussed above.

The pro®les of turbulent intensity on the suction side,
shown in Fig. 3(b), reveal that a seriously excessive level of tur-
bulence is returned by the Launder±Sharma model near the
leading edge due to the erroneously high generation of turbu-
lence in the leading-edge impingement region. The non-linear
models give, in contrast, similar levels of turbulence intensity,
which are much closer to the data. Towards the trailing-edge,
the non-linear models tend to predict excessive levels of near-
wall turbulence. This is qualitatively consonant with the per-
formance of the non-linear models in fully developed curved
channel ¯ow where a similar defect was observed (Suga,
1995). A contributory defect is the tendency of all models in-
vestigated herein to produce too high levels of turbulence in-
tensity in adverse pressure gradient. While the Launder±
Sharma model appears to give quite satisfactory accord with
the experimental data for streamwise turbulence intensity at
x/C� 95%, it must be born in mind that this is partly due to
the near-isotropy of the predicted intensity components and
is also, fortuitously, linked to the wrong representation of
the boundary-layer structure close to the leading edge.

The variations of the boundary-layer displacement thick-
ness and its shape factor, shown in Fig. 4, imply marginal sen-
sitivity to turbulence modelling, except for conditions at the
leading edge. Before further comments are made on the com-
puted integral boundary-layer parameters, it must be men-
tioned that the determination of these parameters is not
straightforward and subject to some error. On the suction side,
the edge velocity is normally identi®ed by the maximum value
which is readily determined. Hence, there is little ambiguity in
identifying this quantity with reasonable accuracy. Particular
di�culties arise, however, in evaluating the edge velocity next
to the irrotational curved stream on the pressure side. Here, an
approach recommended by Stock and Haase (1989) has been
adopted, which entails the de®nition of the boundary-layer
edge according to

d � 1:936yj yjdu=dyj� �max
: �8�

Fig. 4. CD compressor blade ± boundary-layer displacement thickness and shape factor at b� 40°.

Fig. 5. CD compressor blade ± wake mean-velocity pro®les at b� 40°.
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With the boundary-layer edge so determined, the distributions
of displacement thickness and shape factor in Fig. 4 suggest
that all models underestimate the tendency of the ¯ow towards
separation. On the pressure side, the results returned by the
three-equation model are superior to those of the other two
forms, partly because of the former model's reasonably ade-
quate prediction of transition.

Since all models give very similar boundary-layer velocity
distributions in the rear portion of the blade, there is no signi-
®cant di�erence in the predicted wake-velocity pro®les, as seen
in Fig. 5. Compared with the experimental data, the free-
stream velocity is slightly underestimated. This is because the
models tend to under-estimate the suction-side boundary-layer

and the displacement thickness near the trailing edge, leading
to an insu�cient lateral displacement of the wake. This defect
may also be partly associated with the fact that the departure
of the AVDR from unity reaches a maximum at this position.
Thus, three-dimensional features, although still weak, are like-
ly to be especially pronounced in the wake. Overall, however,
the wake-velocity pro®les returned by all models show good
agreement with the experimental data, both in the near- and
far-wake regions.

Comparisons for the ¯ow angle b� 46°, the highest investi-
gated by Elazar and Shreeve, are given in Figs. 6±8. Even at
this extremely high incidence angle, the ¯ow on the suction side
does not separate at the trailing edge, signifying the favourable

Fig. 6. CD compressor blade at b� 46° ± (a) surface-pressure distributions; (b) streamwise-velocity pro®les on suction side; (c) streamwise turbulence

intensity pro®les on suction side.
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aerodynamic characteristics of the CD compressor blade.
However, the leading-edge separation bubble on the suction
side becomes extensive, stated by Elazar to occupy at least
the ®rst 20% of the chord, and this results in a steep increase
in the loss. In addition, the ¯ow is subjected to a strong adverse
pressure gradient which would result, on its own, in a thick
boundary layer towards the trailing edge. To compute this ¯ow
accurately, the leading-edge separation bubble must be re-
solved, and the correct response of the boundary layer to ad-
verse pressure gradient and streamline curvature must be
represented.

Unfortunately, at this largest incidence angle, the three-
equation non-linear model could not be made to return a con-
verged solution (although it does up to 43.4°). It appears that
the main obstacle is the tendency of this model to predict a se-
riously excessive leading-edge separation bubble which occu-
pies a substantial proportion of the suction side, thus
provoking numerical instability which might be indicative of
a tendency towards unsteadiness. Results arising only from
the linear model and the two-equation non-linear form are
thus presented below.

The measured pressure distribution, shown in Fig. 6(a),
suggests the existence of a substantial leading-edge separation
bubble covering about 15% of the suction side, which tends to
diminish the steep adverse pressure gradient at that location.
The two-equation non-linear model resolves this separation
and thus returns a far better agreement with the experimental
data at the leading edge. In contrast, the Launder±Sharma
model fails, yet again, to predict separation, and hence returns

a much too steep rise in pressure. Associated with the extensive
di�erences in model performance at the leading-edge are the
signi®cant discrepancies observed in the trailing-edge region.
Leading-edge separation results in a pronounced initial thick-
ening of the boundary layer, and this has a marked in¯uence
on the boundary-layer structure further downstream, even if
other response mechanisms in the attached ¯ow portion are ig-
nored. It is relevant to note here that computations on highly
loaded, single-element aerofoils consistently show that a reduc-
tion in the suction-side pressure peak invariably leads to an el-
evation of the )Cp tail at the trailing edge, as observed in
Fig. 6(a). Thus, there appears to be, quite generally, a fairly
sensitive coupling between the leading-edge and trailing-edge
conditions, perhaps associated with the need to maintain con-
stant circulation around the aerofoil or blade.

The superiority of the cubic model over the linear form, in
terms of the prediction of the leading-edge separation, is evi-
dent from the streamwise-velocity distribution at x/C� 5.2%,
shown in Fig. 6(b). Further downstream, towards the trailing
edge, the computed boundary layer is closer to separation than
the measured one and has the wrong shape. The former re-
¯ects, at least in part, the elevated sensitivity to streamline cur-
vature, which the non-linear model returns due to the inclusion
of the cubic terms in the constitutive Eq. (2) (see also Eq. (3)).
An indication of this sensitivity is provided in Fig. 6(b) by a
comparison of the velocity pro®les predicted with and without
the cubic fragments (the latter identi®ed in Fig. 6 by ``2-eq
Quadratic''). As expected, the exclusion of these fragments
makes the ¯ow less responsive to the adverse pressure gradient
than that predicted by the full model. Although the Launder±
Sharma model does not capture the leading-edge separation, it
returns a very thick initial boundary layer, due to the excessive
turbulence energy being generated during the impingement
and de¯ection process, which then results in a rapid mixing
and spreading in the outer part of the boundary layer. To-
wards the trailing edge, however, the model returns a thinner
boundary layer than the experimental one, due to excessive
mixing and hence insu�cient sensitivity to and displacement
by the adverse pressure gradient.

The variations of integral boundary-layer quantities, given
in Fig. 7, demonstrate perhaps most strikingly the signi®cant
di�erences in the performance of the non-linear model relative
to the linear form, and con®rm previous conclusions that the
former gives, overall, a superior representation of the ¯ow,
notwithstanding some disconcerting weaknesses. The most en-
couraging feature is the ability of the non-linear model to give
a credible representation of the suction-side peak in the dis-

Fig. 7. CD compressor blade ± boundary-layer displacement thickness and shape factor at b� 46°.

Fig. 8. CD compressor blade ± wake mean-velocity pro®les at b� 46°.
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placement thickness that is associated with the leading-edge
separation. Agreement is also good further downstream. How-
ever, as the trailing edge is approached, the displacement thick-
ness grows too quickly. The shape factor computed by the
non-linear model in the rear portion of the suction side is ex-
cessive, indicating that the boundary layer is too close to sep-
aration. Here again, this is entirely consistent with earlier
observations made in relation to the velocity pro®les in
Fig. 6(b). The only major comment which can be made in re-
lation to the pressure side is that the shape-factor variations
imply that the non-linear model predicts transition to occur
much too early. It must be recognised, however, that the exper-
imental shape-factor data may be subject to signi®cant error,
especially in the vicinity of the leading edge, because these have
been determined from very low values of displacement- and
momentum-thickness data. As regards the performance of
the linear model, it is clear that this model fails to give a cred-
ible description of the suction-side boundary layer: the leading-
edge separation is not resolved, and the rate of increase in the
displacement thickness is wrongly returned as a result of the
insu�cient sensitivity of the boundary layer to the adverse
pressure gradient. The fact that the shape factor is correctly
computed is fortuitous and re¯ects compensating errors in
the displacement- and momentum-thickness solutions.

Results for the wake structure are given in Fig. 8. Here, the
non-linear model gives much better accord with the experimen-
tal data for the velocity than the linear form, due principally to
its ability to resolve the suction-side boundary layer more
faithfully. In particular, the wake width and its lateral location
are well represented by the non-linear model.

Of special interest to the designer is the variation of the to-
tal-pressure-loss coe�cient

x � PT0 ÿ PT2

PT0 ÿ PD1

�9�
as a function of incidence, shown in Fig. 9. While the ®gure
contains results arising from all three models examined in this
study, the three-equation non-linear variant failed to return
stable solutions at highly positive and negative incidence an-
gles, i.e. b� 24° and 46°. As seen, the di�erent models give sig-
ni®cantly di�erent loss levels at o�-design conditions. The
linear model shows a far too low level of sensitivity of the loss
to variations in the inlet angle, due to the fact that the boun-
dary layer structure it predicts responds too weakly to the ad-
verse pressure gradient acting on it. In contrast, the boundary
layers computed by the non-linear models are thicker, are sub-
stantially a�ected by the leading-edge separation and respond
considerably more sensitively to the adverse pressure gradient,
thus giving rise to higher losses.

4.4. DCA blade ± geometry and computed ¯ow conditions

The experimental data for the DCA blade used here have
been obtained by Zierke and Deutsch (1989) who also give a
detailed description of the geometry. In the experiment, three
incidence angles were examined, namely 5.0°, )1.5° and
)8.5°, thus covering a wide operational range and yielding
boundary layers with a wide variety of characteristics. Side-
wall suction was applied to keep the AVDR very close to uni-
ty, which ensured close adherence to two-dimensional condi-
tions. The ¯ow conditions at the three incidence angles are
summarized in Table 3.

The blade's leading- and trailing-edge radii are both 0.914
mm (0.799% of chord length), giving an associated Reynolds
number Red of about 4000. At such a low value, the non-linear
models tend to predict extensive leading-edge separation and
thus require a particularly ®ne grid to achieve a grid-indepen-
dent solution. In addition, the experiment suggests that a mas-
sive trailing-edge separation exists even close to the design
condition. To resolve this feature, it is thus also necessary to
adopt a ®ne grid near the trailing edge. Fig. 10 shows the mul-
ti-block mesh surrounding the blade. The mesh size, in terms
of the number but not distribution of grid nodes, and the
block topology are essentially the same as those used for the
CD-blade computations reported in the previous section. In
the following, attention is focused on the incidence angle
)1.5°. Results for other ¯ow conditions may be found in Chen
(1996).

4.5. Results for the DCA blade

Although the ¯ow is at an inlet angle which departs by only
)1.5° from the design condition, it is highly complex in com-
parison to the corresponding ¯ow around the CD blade. On
the suction side, there is a small leading-edge separation bub-
ble, and this causes the ¯ow to become turbulent close to the
leading edge. Downstream, at about 80% of the chord, the tur-
bulent boundary layer separates, forming a large recirculation
zone which extends well beyond the trailing edge. On the pres-
sure side, the boundary layer remains laminar up to a thin mid-
chord separation region located at around 50% of the chord,
which triggers transition around the reattachment point. To
predict the ¯ow accurately, all features associated with separa-
tion must be captured, since they either provoke transition or
produce a large boundary-layer displacement. In addition, the
signi®cant streamline curvature induced by the highly curved
blade surface and the strong adverse pressure gradient acting
on the suction-side boundary layer introduces further com-
plexities to the ¯ow ®eld. The present ¯ow is, therefore, highly
challenging.

On the basis of test calculations, the turbulence intensity
and length scale have been chosen as Tu� 2% and le� 4.5
mm, respectively, and these give the correct turbulence levels
at the edges of the boundary layers at locations for which mea-
surements are available.

Comparisons between the numerical solution and experi-
mental data are shown in Figs. 11 and 12. The Cp variation
given in Fig. 11(a) already implies that the suction-side boun-

Fig. 9. CD compressor blade ± distributions of total-pressure-loss

coe�cient.

Table 3

DCA blade ± ¯ow conditions investigated

Case Incidence angle (degree) Rec Red

1 5.0 505 000 4040

2 )1.5 501 000 4008

3 )8.5 507 000 4056
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dary layer has not been well represented, especially that to-
wards the trailing edge. The leading-edge separation for this
case is small, and the ¯ow reattaches within a distance of 3±
4% of chord, as is signi®ed by the spike on the lower curve
in Fig. 11(a). This spike, albeit weaker, is also observed exper-
imentally, and it is only the non-linear models which resolve it.
The experimental Cp distribution on the suction side features a
distinct plateau beyond 80% of chord, indicating the presence
of a massive trailing-edge separation. However, this plateau is
not returned by any of the models, as none is able to capture
the separation of the boundary layer.

Fig. 11. DCA compressor blade at i� ±1.5° ± (a) surface-pressure distributions; (b) streamwise-velocity pro®les on suction side; (c) streamwise tur-

bulence-intensity pro®les on suction side.

Fig. 10. Computational grid for DCA compressor blade.
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The experimental velocity and turbulence-intensity pro®les
at x/C� 7.3%, shown in Fig. 11(b) and (c), respectively, sug-
gest that the boundary layer is already fully turbulent at this
location. The linear model, although failing to predict the
leading-edge separation, returns better agreement with the
data than the other two non-linear variants, but this is fortu-
itous. Moreover, this model does not respond adequately to
curvature and adverse pressure gradient, and hence underes-
timates the boundary-layer thickness as the ¯ow progresses
downstream. Thus, in common with earlier experience, the
linear model predicts a boundary layer which is too turbulent
and which resists separation. The performance of the non-lin-
ear models is, unfortunately, equally disappointing, although
it seems due to di�erent defects. As already noted, these mod-
els capture the leading-edge separation, but the velocity and
turbulence-intensity pro®les at x/C� 7.3%, and others not in-
cluded here, suggest that the predicted boundary layer does
not become fully turbulent up to x/C� 20%, well beyond
the experimental reattachment. As the pressure gradient act-
ing over this portion of the suction side is weak, an unrealis-
tically thin boundary layer with a low level of turbulence is
predicted in the early stages of the ¯ow development. The
misrepresentation of the boundary layer further downstream
is aggravated by what appears to be insu�cient mixing in
its outer part. This defect inhibits displacement and results
in the boundary layer remaining thin and highly turbulent
close to the wall, thus preventing suction-side separation de-
spite the turbulence-attenuating e�ect of streamline curvature
(see Fig. 6(b)).

The complexity of the ¯ow on both the suction and pressure
sides is also conveyed by the variations of boundary-layer
quantities, especially the shape-factor distributions given in
Fig. 12. On the suction side, the small leading-edge separation
bubble is barely resolved by the measurement, its existence be-
ing re¯ected by the slightly elevated shape factor. The rather
low level of shape factor near the leading edge suggests a rapid
recovery from the separation, while the steep rise from
x/C� 0.75±0.8 to the trailing edge indicates the presence of
trailing-edge separation. On the pressure side, the magnitude
of the measured shape factor is well above the value expected
for turbulent boundary layers up to x/C� 0.75, at which loca-
tion the rapid decline implies the onset of transition. Since the
mid-chord separation is short and very thin, it does not man-
ifest itself by more than a hint in the shape-factor distribution.
Clearly, the most serious predictive defect in this case is the
failure of all models to capture the suction-side separation,

and this is re¯ected by substantial discrepancies between the
predicted and measured displacement thickness and shape fac-
tors. 1 Only the three-equation model provides a credible rep-
resentation of the transition in the pressure-side boundary
layer. The observation that the linear model returns a broadly
correct boundary-layer thickness (not shown) in the initial 50%
of the suction side, coupled with an insu�cient increase in the
displacement thickness (see Fig. 12), suggests that the failure
of this model to resolve the suction-side separation is rooted
in an excessive level of turbulent mixing in the boundary layer,
aggravated by premature transition. The process responsible
for the failure of the non-linear variants is not clari®ed by
the integral parameters included in Fig. 12. Previous argu-
ments, based on pro®les of turbulence intensity, led to the con-
clusion that the non-linear models predicted a substantial
delay in the onset of transition, hence returning an unrealisti-
cally thin boundary layer which, once turbulent, resisted sepa-
ration. The integral quantities given in Fig. l2 do not o�er
obvious support for this argument. However, it has been ob-
served that the non-linear models, especially the three-equa-
tion variant, gives a broadly correct rate of increase in
boundary-layer thickness, following transition, but a far too
low rate of increase over the ®rst 20±30% of the chord. Yet,
the increase in the displacement thickness is clearly under-esti-
mated, re¯ecting an insu�cient response of the inner boundary
layer to the adverse pressure gradient. This behaviour thus
lends some support to earlier arguments, based on velocity
and turbulence pro®les, on the origins of the failure of the
non-linear models to predict the rear suction-side separation.

5. Conclusions

The paper investigated the performance of three low-Re
turbulence models, one linear and two non-linear, when ap-
plied to the ¯ow over two compressor cascades, a CD and a
DCA con®guration. The multi-block method reported in Lien
et al. (1996) has been exploited to facilitate accuracy through
the use of a nearly orthogonal, O-type grid surrounding the
blade surfaces, thus avoiding distorted grids in the near-wall
region. In addition, very ®ne meshes were used to maximise

Fig. 12. DCA compressor blade ± boundary-layer displacement thickness and shape factor at i� ±1.5°.

1 Recent second-moment computations presented by Chen et al.

(1997b) have been found to capture this separation well.
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the numerical resolution in some highly in¯uential separated-
¯ow areas.

In the case of the CD compressor blade operating close to
the design condition, all models perform similarly well, and the
results are in good agreement with the measured data. This is
due to the absence of separation and to the relative simplicity
of the strain ®eld within the fairly thin boundary layers. In o�-
design conditions, the non-linear models generally yield supe-
rior results to those returned by the linear model, as the former
group capture the leading-edge separation and are able to
represent more realistically the growth of the boundary lay-
er under the action of adverse pressure gradient and streamline
curvature. The non-linear models also give a better represen-
tation of the wake structure, as they predict more realistical-
ly the boundary layers towards the trailing edge, especially
the one which is preceded by a substantial leading-edge separa-
tion.

An adverse characteristic of the particular non-linear forms
examined here is their inferior numerical stability relative to
the linear form. In fact, the three-equation form failed to con-
verge at large o�-design inlet incidence. This does not, how-
ever, appear to be a consequence of inherent, numerically
disadvantageous properties of the models, but may rather be
rooted in the models' tendency to seriously overestimate the
size of the leading-edge separation. This re¯ects a trend to-
wards predicting low levels of turbulent viscosity in the sepa-
rated shear layer, which promotes unsteadiness in the
computation and thus prevents convergence of the steady-state
computational scheme.

In terms of loss predictions, the non-linear models give
more realistic levels than the linear form, especially at o�-de-
sign conditions, although the computed loss levels are not sat-
isfactory. The failure of the linear formulation is due to its
inability to capture leading-edge separation and thus the struc-
ture of the downstream boundary layer.

The ¯ow over the DCA compressor blade is highly
complex, even close to the design condition. It features several
separation and transition events which are all in¯uential. None
of the models investigated here is able to capture these im-
portant ¯ow phenomena with a su�ciently level of realism.
Hence, the results are generally not in good agreement with
the data.

Since Red, the Reynolds number based on the leading-edge
radius, is especially low in the DCA geometry, the non-linear
models tend to give an excessive leading-edge separation bub-
ble, and this is consistent with observations made in relation to
transitional ¯ow over a ¯at plate with rounded leading edge
(see Chen, 1996). The misrepresentation of the leading-edge
separation results in large discrepancies between the predic-
tions and the data after reattachment. Hence, the downstream
¯ow region is badly resolved, regardless of the models' intrinsic
ability to represent more realistically than the linear forms the
sensitivity of the fully turbulent boundary layer to streamline
curvature.
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